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Abstract. The phonon modes of a quantum well wire, formed by a cylindrical polar
semiconductor 1 (well material) (p < R;) embedded in another polar semiconductor 2 (barrier
material) (R < p < R»), were studied by using the dielectric continuum model. The confined
longitudinal optical phonon modes both in the wire (LO1) and in the barrier materials (LO2) and
the interface optical (I0) phonon modes as well as the corresponding electron—phonon interaction
Hamiltonians are derived. With a two-parameter variational trial wave function, the bound-polaron
binding energy has been calculated numerically for different confining potential heights and wire
radii. The result shows that the electron—phonon interaction can greatly modify the impurity binding
energy. The IO modes are the main factor contributing to the modification. The influence of the
LO1 modes increases as the wire radius increases and reaches the bulk limit at large wire radius,
while the LO2 modes only show their influence at narrow wire radius.

1. Introduction

The progress in semiconductor nanotechnology has made it possible to fabricate various kinds
of semiconductor heterostructure including many kinds of low-dimensional structure. The
quantum well wire (QWW) system is one of the fields of great interest. Both experimental
[1-3] and theoretical [4-6] studies on the electronic structure, transport properties, exciton and
impurity levels and binding energies in QWW have been widely reported.

The properties of impurities have always been of great interest to researchers, since
Bastard’s pioneering work on the donor impurity in a semiconductor quantum well [6]. Many
authors have extended their research to impurities in low-dimensional structures [7,8]. Brown
and Spector [9] studied the hydrogen-like impurities in a QWW, considering both the infinite-
and finite-confinement situations. Since it is impossible to obtain a formula solution to the
Schrodinger equation for an impurity in a low-dimensional system, approximation methods
have to be used; among these, the variational approach is the one most widely used. In our
recent publication [10], we developed a two-parameter trial wave function especially tailored
for the QWW structures. Calculation shows that it can obtain a better result than that given by
Brown and Spector [9].

It is well known that the electron—optical phonon interaction is an important factor
influencing the physical properties of polar crystals. The effect of such an influence
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becomes stronger as the dimensionality of the system reduces [11]. Research on the polaron
properties of a cylindrical quantum wire indicates the dependence of the polaron effect on
the dimensionality of the structure [12]. Therefore, it is essential to consider the polaron
effect when studying the impurity properties in low-dimensional structures [10, 13-15].
However, before we study the bound polaron in a QWW system, we have to work out
the appropriate phonon modes and electron—phonon interaction Hamiltonians for the QWW
system.

A number of authors have made great contributions in studying the phonon modes and
the electron—phonon interaction in low-dimensional semiconductor structures [16-23]. The
electron—phonon interaction in a dielectric confined system was first studied by Lucas et al [16]
and Licari and Evrard [17] within the dielectric continuum model. Wendler [18] developed
the framework of the theory of optical phonons and electron—phonon interaction for the
spatially confined systems. Constantinou and Ridley [19] worked out the phonon modes
in a GaAs/Al,Ga;_,As quantum well wire. Wang and Lei [20] derived the confined phonon
modes and surface phonon modes in a free-standing cylindrical quantum wire and studied
their interaction with electron carriers. Li and Chen [21] derived the phonon modes and
the electron—phonon interaction Hamiltonians for a free-standing cylindrical quantum dot.
Considering both the electrostatic and mechanical boundary conditions, Klimin et al [22]
and Fomin and Pokatilov [23] studied the phonon modes and deduced the Hamiltonian of
electron—phonon interaction in multilayer polar structures.

It should be noted that the image potential induced by the charged particles may influence
the properties of electrons in the quantum wire, especially when the quantum wire is narrow
[24,25]. It is found that, for a quantum wire with dielectric discontinuity, the hole—acceptor
attraction potential has a non-Coulombic form [22,26]. However, Wendler and Hartwig [27]
studied the effect of the image potential on the binding energy of hydrogenic impurities in
semiconductor quantum wells. They found that, when all image contributions (the mutual
image potential between the hydrogenic impurity and the electron and the self-image potentials
of the two particles) are taken into consideration, the image potential effects on the hydrogenic
donor binding energy will be weak for donor positions in the centre of the quantum well.
Therefore, for simplicity, in the present work, the influence of the image potential will not be
considered.

In this paper, we will consider a QWW formed by a cylindrical polar semiconductor 1
(the well material, p < R;) embedded in another polar semiconductor 2 (the barrier material,
R, < p < Ry, with R, > R;). Bennett et al [28] have worked out the confined and
interface optical phonon modes in this QWW system. In fact, there exist two types of
confined longitudinal optical phonon (LO) mode in this system, namely, one type of LO
mode inside the wire (LO1) and another in the barrier material (LO2). Research on quantum
well structures shows that the influence of the LO2 modes becomes obvious as the dimension
of the well reduces [29, 30]. In this paper, we will work out all the phonon modes and the
corresponding Frohlich electron—phonon interaction Hamiltonian. We will use the dielectric
continuum model because of its simplicity and efficiency for the GaAs/AlAs and GaAs/AlGaAs
systems [19,28].

In the following, firstly, in section 2, we will study the impurity binding energy of the
QWW structure, using a two-parameter trial wave function. Then in section 3, we will derive
the various phonon modes and electron—phonon interaction Hamiltonians in the QWW system.
Afterwards, in section 4, the impurity binding energy, together with the influence of phonons,
i.e., the bound-polaron binding energy will be studied. Numerical calculation and detailed
discussion on bound-polaron properties are given in section 5. Finally, in section 6, we present
a brief summary.
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2. The impurity ground state

Consider a cylindrical quantum well wire consisting of GaAs (p < R;) embedded in
Ga;_; Al As (R} < p < Ry). The impurity is located at p; = 0 (taking the wire axis as
the origin). Under the effective-mass approximation, the Hamiltonian of the system can be
written as (neglecting the image effect)

n? e?
H,=——V>— —+V(p) (1
2m* €r
with
U o =R
V(p) =
0 p < Ry.

Let us first consider the electron wave function in a cylindrical quantum well wire with no
impurity present, i.e. find the solution to the following Schrédinger equation:

2m*

h? 19 9 92
[—— —(p —> - 3_zz:| V(p,2)+V(p)¥(p,z) = Eo¥(p, 2). (2)

The solution gives

N Jo(ap) expligz] p <R
Y(p,2) = Jo(aRy) ) 3)
NmKO(ﬁP)eXP[IQZ] o =R

where

o =+/2m*Ey/h?
B =\/2m*(U — Eo)/I*

and Jy(x) and Ky(x) are the zero-order Bessel function and modified Bessel function of the
second kind, respectively. The energy level Ej is obtained by solving the following equation:

aJi(@R)Ko(BR)) = BK1(BR)Jo(aRy). 4

On the basis of the above result, considering the anisotropy of the quantum wire system,
we propose a trial wave function with two variational parameters for equation (1):

Jo(ap) p <R
®(p,7) = Nexp [—\/Azpz + ,uzzz] x 3 Jo(axR)) 5)
———"KoBp)  p=R
Ko(BR1)
where A and p are variational parameters characterizing the anisotropy in the p- and z-
directions. N is the normalization constant defined by

4 { JE(@Ry) [

Ry
2 2 2 2 _
[) Jo (ap)K1(2hp)p d'o+K§(ﬁR1) N Ky(Bp)K1(2rp)p d,O} 1 (6)

where K (x) is the second-kind modified Bessel function of first order.
The expectation value of H, is given by

(@(p, ) |H |®(p,2)) =T +U (N

N2
"
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with
B2A2 maa?hiN? R 2 5
T=- + Jo (@p)K1(2hp)p” dp
2m* m* 0
TABPREN? J3(@Ry) [, 5
- Ky (Bp)K1(2rp)p~ dp
miw  K3BR) Jr, "
dgah?)IN? R
- Jo(ap)Ji(ap)Ko(21p)p dp
m* L 0
4 BR2A2N? JZ(aRy) [
- Ko(Bp)K1(Bp)Ko(2Ap)p dp
m*u  K5(BRy) Jg,
2nh?AN? R 1
e T [om (ap) — —Olzpfz(Oé,O):| K240} dp
m*u 0 2
ZCINT TR [ >[ﬁ1< (@p) — B2 K )]
olxp 1@p) — =p~pK2(ap
m*u  K3(BRy) Jr, 2
x K1(2xp)p dp
L\l I
L — Jy (p)Ko(2Ap)p dp
m-p 0
Jg(@Ry) [* ,
o Ky (Bp)Ko(2Ap)p dp
K2BR) Jr, °
252 2,2
2nh2(u2—kz) R R, poo ) ) 2exp [—2 Ap? + Uz ]
+——— N J dpd
P /0 /O o (@p)uz eI pdpdz
. 2 (p? =A%), JE(aR)
m* K3 (BR))
o poo , &P [—2 A2p2 + uzzz]
K dpd 8
X \/I;I /0‘ ()(ap)l’l’ Z )\42,02+'u‘212 pap dz ( )
and
4t N2e2 xp 2 exp [—2 A2p? + u2z2]
U=- Jo| = o dp dz. 9)
€ R /pz +z2

The ground-state energy of the impurity is obtained by minimizing the expectation value
of the Hamiltonian H, according to the variational parameters A and u:

E = I}}i{l(fb(p, 2| H,|P(p, 2)). (10)
The impurity binding energy is given by
E,=Ey—E Y

where Ej is the solution of equation (4).

3. The phonon modes and electron—phonon interaction Hamiltonians

In this section, we will use the dielectric continuum model to derive the various phonon modes
and Frohlich electron—phonon interaction Hamiltonians for the quantum well wire system. In
the structure, material 1 lies within p < R; and material 2 fills up the space R; < p < R;.
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R, > R,. In the following analysis, the periodic boundary condition along the z-direction is
introduced: —%L <z< %L. Optical phonon modes in the structures are determined using
classical electrostatics. We start with the electrostatic equations

V - D = 4mpy(r) (12)

D=¢cE=FE+4nP (13)

E=-V¢(r) (14)
where po(r) is the charge density. For free oscillation (i.e. pg = 0), we have

eVi(r) =0. (15)

3.1. The confined LO modes

There are two solutions for equation (15). The first is € = 0 inside the wire. Since

€(0) = 6o+ —2 2 (16)
1 —w?/wy,
we have that € (w) = 0 gives
€0
P R - (17)

o0
in which we have made use of the Lyddane—Sachs—Teller (LST) relation; i.e. for the solution
of €(w) = 0, we obtained a bulk LO phonon vibration mode.

3.1.1. Confined LO phonon modes inside the well (LO1). The potential for the confined LO
mode inside the wire (o < R;) can be chosen as

Cot I (X} p/ R1) explime] explig.z] o <R

18
0 p > Ry (18)

¢ml (r) = {
where J,,,(x) is the Bessel function of the mth order, X;il is the /th zero of J,,(x).

The phonon mode described here is fundamentally identical to the one that we derived for
the quantum wire in our recent paper [10]. So it is unnecessary to repeat the trivial algebraic
calculation and we simply give the result here.

The phonon Hamiltonian of the LO1 mode is

. . 1
Hpor = Zha)LOI |:a;,1(4z)amz(9z) + 5] (19)
mlq,

where &;l (¢.) and da,, (g,) are the creation and annihilation operators for the LO1 phonon of
the mlq.-mode. They satisfy

[Gn1(42). 1@ | = S8 0)
[ami(go). dmr(a:)] = [a4,(g0), @l (g ] = 0 e
and the Hamiltonian describing the interaction between the LO1 phonon and the electron is
!
Heror==) [Fé?‘ (@) I (M>e"we""fz&;l<qz> + h.c} (22)
mlg; Ry
where
4e’n 1 1
i - e (L), =
LJ2 (XE) (k™ + Rig2) \€cc1 €01
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3.1.2. The LO mode in the barrier material (LO2). For the LO mode in the barrier material
(R; £ p < Ry), the potential for the LO2 mode can be chosen as

Byt Tt (ayip/ R1)e ™ el R <p<R
Gm(r) =1 """ . (24)
0 otherwise
where
Tml(amllo/Rl) = Jm(amllo/Rl) + blem(amlp/Rl)~ (25)

Y, (x) is the second-kind Bessel function of order m. T,,;(p) satisfies the boundary conditions
at p = Ry and p = Ry, i.e.

Tml(amllo/Rl)‘p:Rl = Tml(amllo/Rl)’p:Rz =0. (26)
That is, a,,; and b,,; are the solutions to the equations

Jn(@) +bY,(a) =0

Jn(@R2/R)) +bY(aR2/R)) = 0.

27

[ =0,1,2,...denotes the number of zeros of T,,;(a,,; 0/ R1) within therange of Ry < p < R;.
We can prove that T,;(a;0/R1) and T, (a0 /R1) are orthogonalized within the range
of R} < p < R, (refer to appendix A).
The polarization vectors for the LO2 mode are

1 B,.[1 ap
P = — V¢, (r) = 4—71’{—[Tm1,1<amzp/R1> — Tir(@mp/ R1)] R’
1

ml 47 2 €p

im : img ,ig.z
+ T (amlp/R1)7€¢ + Tni(amip/ R1)ig; re.e™?e'’=. (28)
Similarly to that for LO1 [10], The Hamiltonian of the free vibration is given by
1
H,, = 3 /[n,uu cu+ nuwéu -u — neu - Ej,.] d*r. 29)
Here u is the reduced mass of the ion pair and u = u, — u_ is the relative displacement of the
positive and negative ions, wy is the frequency associated with the short-range force between

ions, Ej,. is the local field at the position of the ions, 7 is the number of ion pairs per unit
volume and « is the electronic polarizability per ion pair.

Since
8
E,. = _§”P (30
we have
1+ 3mna
u=—>p 31)
ne
and then

ne ne

1 1+§7mot 2.* . ) 1+§nna 2 N 3
HL02=§/ nu| ——— | P*-P+npw;p,| —— | P*-P| d’r (32)
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since

f P, (q:) - Py (ql) dr

2
Bml {

32n
- Zq?[Rngfl,l(amly)Tm+l,l (am/y) - R%Tmfl,l(aml)TmH,l (aml)]}
X Smm’gll’(sqzqé (33)

a,znl[yzr[;yzl_],[(amly) + yztiﬂ,](amly) - Tyﬁ—].l(an'll) - T;;%.;.],[(aml)]

where y = R,/ R;.
If we choose B,,; to be

B2 — 327

ml

2

ne

<m> {amly* T/ @uy) + VT (@my)
3

N nulL
— Ty (@) — Tppy (@)1 — 2q2 TR T4 (ot V) Tt (@t V)
— RIT1.0€am) st 1 (@m) 1} ! (34)

then Prﬁloz may form an orthonormal and complete set, which can be used to express P as

noN2 A

P = bmi(q,) +b" (g, | PLO? i

szq;(wwz) [ 1(g2) + mz(CI,)] i (T) (35)

P=-i Z(thoz)l/z I:Eml(qZ) - Ejnl(qZ)] PLO(p). G6)
mlgq;

P and P are now quantum field operators; I;,Tn ,(g;) and 13,,,1 (g,) are the creation and annihilation
operators for the LO2 phonon of the ml/g,-mode. They satisfy

ZCARROS] ST (37)
[Bmi(@), b (@] = [Bhu(a0). By (@) ] = 0. (38)
Then the Hamiltonian operator for confined LO phonons will be
N ~ 1
Hpoo = %hwwz [bz,l(%)bmz(flz) + §:| . (39)

The Hamiltonian describing the interaction between the electron and the phonon field is
H,_pp = —ed (7). (40)
¢ (r) can be expanded in terms of the normal modes, so
He-102 == Y [TEP @) Tutanp/ RO 48] () +he.] @D
mlq.

where

LO2 8e*hwror (1 1\ 2 .22 242
77 (q) = —L _6 S - % {anly Tm_lyl(amly) +y Tm+1,1(ale)
[e ®)

— Ty @) — Ty (@)1 — 2q2 TR T4 (ot V) Tt 1 (@t V)
— R 1.0(amt) Trusr 1 (@m) 1}~ 12. (42)
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3.2. The interface phonon modes

The other solution for equation (15) is

V2o (r) = 0. (43)
This will give the interface modes; the solution for equation (43) is
o Ko(q. R L <R
b, (1) = C, emoei: (q:R ) 1n(gzp) PSR 44)
I (g R K (g 0) p >R
where K,,(x) and I,,(x) are the modified Bessel functions of the first and second kind,
respectively.
It should be noticed that
2_ .2
€1(0) = €oot g LOL (45)
W™ — W79
)
(0) = o LO2, (46)
W= — Wrgy

The boundary condition at p = R; is

0 0
61(60)3%1 _ ez(w)ai;j.

This gives the dispersion relation

a)2 —_ a)2
emwz—w;mm (@:R1) [In-1(g:R1) + Lns1 (g R) |
— %Yroi
(1)2 — (,()2
+ o522 Ln(q:R)) [Kin—1 (@ R1) + Kins1 (g RD] = 0 (47)
W* — Wy
where
—B+ /B> —4AC\'?
Wy = on (48)
with

A = €1 Kin(q: R1) [In=1(q:R)) + L1 (@:RD | + €02 L (q: R1) [ Kin—1(q: R1) + K1 (q: R1) |
q:R
;—ml{[('fm + €002) @7 o1 + (€02 + €001) @7 5]

X [Kn—1(q;R1) 1n—1(q;R1) — Kins1(gz R1) L1 (g R1)]

+[(€01 — €x2)WF 0 — (€02 — €001)WT 0]

X [Km—l(qul)ImH(QZRl) - Km+l(qul)Im—l(qul)]} lfm # 0

{—2K0(q:R)11(q: R (€010F o + €x01007 )
— 21p(q: R K1(g:R1) (€007 9 + €527 1)} ifm=0

C = 070107 02 (€01 K (q: R Ln—1(qz R1) + Lus1 (g R1)]
+ €02l (@ RO[Km—1(g:R)) + Ks1 (g RD1}.

When o is worked out, €;(w) and €;(w) can be obtained via equations (45) and (46)
respectively.
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The polarization fields for the IO phonon modes are

-« img i
v [Km(QZRl)Im(qZp)e e q;z] o< R
PJlO =C, 147‘!’6
2 img _iq,
o V [In(q:R) K (g p)e"?e'%] o > R
1-— €1
Km(Qle)
1
X {59z[lm—l (q:0) + Ins1(q-p)]e,
im .
+ 71171(QZ/O)6¢ +iq. 1, (q.p)e; p <R
= C,e"veld:r (49)
1-— €
Im(qul)
1
X {EQZ[Km—l(QZp) + Km+1(QZp)]ep
im .
+ ;Km(qu)ew +ig: K (g:p)e; p > Ry.

Similarly to in our previous paper [10], we obtain the Hamiltonian for the IO phonon:

s 1 S
Hio = 2/d ’ ["“(ne[l+(au/e2><w5—w2)]> P

1 2
+ 2( > P*-P:| 50
MO el +(ap/e®) (@) — w?)] 0
since
, L
/ P () P0G &' = G ({1 — € K3 (@R (g R)g:Ry

X [Ln-1(q:R1) — Lns1 (@ RD1+2(1 — €2)*I2(q. R K (g R1)
X [Km+1(QZR1)QZR1 - MKm(qZRl)]}Smm’quq;' (51)

If we choose C,, as

co_ L 1 1\
" 4w? |6 —enl €1 — €t

x K2(q:R) Ln(q: R G Ri[Lu—1(g:R1) — Lns1(q-R1)]
+212(q.R) K (- R)[Kps1 (q: R Ry — mK,, (q.R))]

1 1o\

X — (52)

€2 — €02 € —€x2
then the P!9 may form an orthonormal and complete set. We may express P as
a2 R
P= Z(—) [ (g2) + &}, (g:) 1P (53)
mq; @

P=—i) (1) [én(q:) — &, (q) 1P (54)

mq;

where ¢! (g,) and ¢, (q,) are the creation and annihilation operators for an 10 phonon with
frequency w. They satisfy

[60(@): E,@)] = dumS (55)
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[én(a2). éw (@] = [&1@0). &) (a)] = 0. (56)
The Hamiltonian operator for the IO phonons is
o . 1
Hio = qu;ha) [C,',,(Clz)cm (q2) + §i| (57)
and the Hamiltonian describing the interaction between the electron and the 10 phonon is
. I K (g:R) 1 (q; <R
He 1o = — 3 [M10(geme 078 gy he ] x | @0 (@) p < B o)
vy Ln(q:R1) Kin (g2 ) p >R
where

e*n
010 (g)* = Co—
w

_4ezhw{< 1 1 )1
L €1 — €01 €] — €l

X K2(q:R) Ln(q:R)G.Ri[Lu—1(g:R1) — Lns1(q.R1)]
+212(q.R) K (- R)[Kps1 (g R Ry — mK,, (q.R))]

1 1 —1y-1
X < — ) } . 59)
€2 — €2 €2 — €002

4. The bound-polaron binding energy

Now we consider the polaron effect on the impurity state (which is known as the bound-polaron
state). The Hamiltonian of the system can be written as

H = He+th +He—ph (60)
where H,, which is the impurity Hamiltonian, is given in equation (1). The second term is the
phonon Hamiltonian:

H,, = Hpo1+ Hp o2 + Hio

. 1 . 1
= Z hwpo |:a,;,1 (g)ami(q;) + §:| + Z hor oz |:b};11 (q)bmi(q;) + §:|

mlgq, mlg;

1
' Zhw[cj,, (g:)em(q:) + 5} (61)
mq.

and the third term is the electron—phonon interaction Hamiltonian given by
He_pp =He_ro1+Hepo2+He_j0 (62)
in which H,_; 01, H.— 02 and H,_; are given by equations (22), (41) and (58) respectively.
We will use the variational method in our calculation. The trial wave function is chosen to be
W) = ®(p, 2)S/0). (63)
®(p, z) is given in equation (5), |0) is the phonon vacuum state, while S is the second LLP
transform defined by

S = exp[Z(f,,f,O1 (42)},(q:) — F50™ (@)am (g2))

mlgq,

+ Y (@bl (@) — [ (G@)bm(g:))

mlg;

+ Y (£aC(a)eh (g) — £ (@)em (qz»}. (64)
mq;
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The first LLP transform is not applied here for the following reasons: (i) because of the
existence of the Coulomb impurity, the total momentum of the system is no longer conserved,
(i1) the strong confinement of the electron and phonons makes the coupling between them
stronger [10]. The unitary operator S transforms the phonon operator as follows and hence H
will be diagonalized:

S'al (q)S = a' ,(q) + L0 (q.)
ST ami(q)S = ami(g) + fE°0 ()

SThy(g:)S = by (q2) + £ (q2)
S"bmi(q.)S = bui(g.) + ££0%(q.)

STel (q)S = ¢} (g) + £19%(q2)
STen(q)S = cn(q) + £1°(q2).
The expectation value of H is

(WIHIW) =T +U+> |5 @)+ )1, L02<q2>|2+2|f,, (q2)I?

mlq, mlgq,
+ D RPN @@, DIt/ RDE™ ™45 (p, 7)) +hoc.]

mlq.

+ SIPEP2(g) (B0, DI T (@nip/ R 9D (p, 2)) + huc.]
mlgq,

+ D [T (@) P (p, DIg(g:, p)e™ e |D(p, 2)) +h.c.] (65)
mq;

where

K (q:R) 1 (q-p) PSR
8(gz, p) = ) ) (66)
1n(q:R) K (q-p) p >R
Minimizing (W|H|¥) with respect to £5°"(q,), £5°*(g,) and f9*(q.) successively, one
obtains

FEPNg) = —TEP (g (@) T (x), 0/ RDE™ e 79| D (7)) (67)
FEP(q2) = —TEP2 (@@ )| T (@mp/ R)E™ e 4% D (1)) (68)
£10(g:) = =T (@) (P (r)|g(g:, p)e e 4| D (r)). (69)
Inserting equations (67), (68) and (69) into equation (65), we get
(WVIH|W) =T+U — AEL 01 — AEL02 — AEj0 (70
with
AELo1 =) —— — |F“”(qz>| (@) I (L, 0/ RDE™ 792D (1)) | (71)
mlgq,
1 . .
AELor=)_ h—|r,,€,02<qz>|2!<<1><r>|Tm1(amm/Roemwe—w|<1>(r)>|2 (72)
mlgq, @Lo2
and
1 ; 0.2
AEjo=Y —I0,7 (@) P[(@(M)g (g, )" e D (1)) | (73)

mq.



8634 Hong-Jing Xie et al

T and U are defined in equations (8) and (9) respectively. The ground-state energy of the
system is calculated using equation (70):

E = min(V|H|V). (74)
Al

The impurity binding energy with the phonon contribution is calculated using equation
(11) with E obtained above.

5. Results and discussion

Numerical calculations were carried out on the GaAs—Ga;_, Al As quantum well quantum
wire. The material parameters are listed in table 1.

Table 1. The material parameters.

Material parameters [11,31]

GaAs(v=1) Gaj_,AlLAs (v =2) AlAs
my (units of mg)  0.067 0.067 + 0.083x 0.15
howroy (meV) 36.25 36.25+3.83x + 17.12x%2 — 5.11x3>  50.09
hort oy (MeV) 33.29 33.29 + 10.70x + 0.03x% + 0.86x>  44.88
€0v 13.18 13.18 — 3.12x 10.06
€oov 10.89 10.89 — 2.73x 8.16

The confining potential for the electron is U = 600 x (1.155x +0.37x?) meV. We chose
the effective atomic unit so that the unit of length is the effective Bohr radius ai = €h?/m*e?
and the unit of energy is the effective Rydberg R* = m*e*/2h%€2, which are about 100 A
and 5.25 meV respectively for GaAs. We have calculated the bound-polaron binding energy
for different Al concentrations: x = 0.1 and 0.3 and different wire radii R;. The radius of
material 2 (Ga;_,Al;As) R; is chosen to be far larger than R; (in this work, R, = 20ay).
In figure 1, we have plotted the binding energy E}, of the donor impurity state with electron—
phonon coupling (bound polaron) versus the wire radius R; (solid lines). For comparison, we
have also plotted the bound-polaron binding energy for infinite-well confinement (free-standing
quantum wire) [10]. When R increases, the bound-polaron binding energy reduces and reaches
the three-dimensional limit regardless of the height of the confining potential. However, when
R, is small, the bound-polaron binding energies in a finite-confinement quantum well wire
behave differently to that for the infinite well. In the case of infinite confinement, the bound-
polaron binding energy increases monotonically as R, reduces. But for finite confinement, as
R, reduces, the bound-polaron binding energy first increases, then reaches a peak at a certain
wire radius R,, and reduces thereafter. The higher the confining potential, the higher the
value of the peak and the smaller the peak position value R,,. Because in the well with lower
confining potential, the confinement effect is weaker, the electron wave function ‘escapes’
out of the wire and spreads into a wider space, causing a lower binding energy. For the
same reason, the lines become even when the confining potential decreases. The dashed lines
in figure 1 show the donor impurity binding energies (without a phonon contribution) under
different confining potentials as functions of the wire radius. Itis clear that the electron—phonon
interaction has a great influence on the electron properties in the quantum well wire systems.
To investigate the phonon influence in detail, in figure 2 we have plotted the contributions of
different phonon modes (LO1, LO2, 10) to the bound-polaron binding energy. In the figure
we can see that most of the phonon contribution to the bound-polaron binding energy comes
from the electron-IO phonon interaction. AEj is very small when the radius of the wire
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Infinite well

14 -

Binding Energy(Ryk)

0.1 1 10

Figure 1. Binding energies of the donor impurity as functions of the wire radius. Dashed curves:
the bare electron without the phonon contribution; solid curves: with the phonon contribution.

R, is large, then increases quickly as R; reduces. It reaches a peak and then decays quickly
as the wire becomes narrower, because for the case of small R, the electron wave function
spreads into the barrier area and hence reduces the effect of the electron—-10 phonon interaction.
Compared to that of the IO phonon modes, the contributions of the LO phonon modes are far
less important. The contribution of the LO modes inside the wire (A E} 1), which depends on
the electron wave function inside the wire, increases as R; increases and becomes dominant
at the three-dimensional limit. One could observe that the curve for AE; o is a little concave
when R| is larger than 1. This could be explained by the coupling between the LO1 eigenmodes
and the electron (the mathematical analysis is a little bit lengthy, so we put it in appendix B).
In contrast, A E} o2, which is related to the electron wave function in the barrier area, hardly
makes any contribution to the bound-polaron binding energy until the well is quite narrow.
However, it obviously increases as R| reduces. This shows that when studying the properties
of the quantum well wire system, it is unnecessary to take the LO phonon modes in the barrier
area into consideration when the well is not very narrow.

6. Summary

In conclusion, we have investigated the impurity binding energy in a cylindrical quantum well
wire with a finite confining potential. In order to study the influence of electron—phonon
interaction in the system, we worked out the expressions for various phonon modes and the
electron—phonon interaction Hamiltonians in this quantum well wire system. We found out



8636 Hong-Jing Xie et al

0.1 1 10

Figure 2. Contributions of different phonon modes to the bound-polaron binding energy. Different
confining potential heights (Al concentration x) are used: solid curves: x = 0.3; dashed curves:
x=0.1

that there exist two types of confined longitudinal phonon mode. One is in the well material
(LOL1), another in the barrier materials (LO2). We have also derived the dispersion relation for
the interface optical phonon modes. We studied the contribution of electron—phonon coupling
to the impurity binding energy in this quantum well wire system. It is found that the electron—
phonon interaction contributes greatly to the impurity binding energy. For example, the total
phonon contribution to the impurity binding energy (Ep) for a GaAs/Gag7Alp3As quantum
well wire could be as much as 33% of E, at Ry = 0.25 (figure 1). Detailed analysis shows
that the interface phonon modes play a major role in the phonon contributions, especially
when the radius of the wire is relatively small. The contributions of the LO phonon modes
are less important, especially that of the mode in the barrier material (LO2). In fact, the LO2
modes do not show an influence on the binding energy until the wire is quite narrow, while the
influence of the LO1 modes increase as the radius of the wire increases. When the radius of the
wire becomes very large, AE o) reaches a certain limit value, which is the three-dimensional
limit [10].
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Appendix A. The orthogonality of T;,,;

We now prove that 7, (@, 0/R1) and T,k (anrp/R1) are orthogonalized within the range of
R <p <Ry
As T (amp/Ry) is defined by equation (25), it satisfies the following Bessel equation:

T (@mp/R)  dTyi(@mp/R ,
e 1(a ;p/ 1)+p 1@mp/ 1)+ “_n;tpz_mz Ti(amp/R1) =0 (A1)

1
and T,.x (a0 /Ry) satisfies
ETo@amp/R1)  dTu(amep/Ry) a’
o’ 57 +p 5 +| 20 —
o o R;
Multiplying equation (A1) by T,k (amkp/R1)/p, and equation (A2) by T, (amp/R1)/p,
we get

m2> Tur(amep/R1) = 0. (A2)

T (amp/Ry) AT (amp/Ry)
mek(amkp/Ro’d—;/l + Tyi(apep/ Ry L @m P/ R
P dp
a, m?
+ <R—mz/0 - 7)ka(amkp/Rl)Tml(amlp/Rl) =0 (A3)
1
AT (@mep/ RY) AT (amep/ Ry)
mel<amzp/R1>kd—§”/l + Ty Ry Lk 2/ R
p dp
a2 m2
mk —
+ (FP - 7)Tml(amllo/Rl)ka(amkp/Rl) =0 (A4)
1

and subtracting (A3) from (A4) and integrating both sides of the equation from R to R, yields

N
1Y Tml(amllo/Rl)ka(amkp/Rl) d,O
Ry

R} R
AT (amip/ R1) AT (@mp/R)\ 1™
= [p (Tm,mmm/kl)#/1 T/ Ry L m PR ) 1
dp dp R,
(AS)
That is
a2 a2 R,
ml mk
<F - F) / Tml(amlp/Rl)T;nk(amklo/Rl)p dp
1 1 Ry
ap
= |::0<R_1]Tm+1,l(amlp/Rl)ka(amkp/Rl)
Amk ko
- R_ ml(amlp/Rl)TmH,k(amkp/Rl)>i|
1 Ry
(2]
= |::0<R_ ml(amlp/Rl)Tm—l,k(amkp/Rl)
1
Amk ks
-z m—l,l(amlp/Rl)ka(amklo/Rl)>:| =0. (A6)
1 R,

We have made use of the recurrence relation
m
T, (x) = ;Tm(x) — T (x)

and the boundary conditions at p = R; and p = R, (equation (26)).
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So
f&T i) RO T amip /RO dp <o W17 K
&, ml\dml P 1) Lk \Qmk P 1)p ap # 0 il =k
and
R, —0  ifl#k
/ Tmfl,l (amlp/Rl)Tmfl,k (Clmkp/Rl),O dp .
& 0 ifl =k

Appendix B. The LO1 eigenmodes and the electron wave function

From equation (71) we learn that only the m = 0 modes will couple with the electron wave
function.. The LO1 phonon modes are characterized by /, which is the number of zeros within
0 < p < R;. In figure Al we have plotted the functions of the first four eigenmodes. We
notice that the amplitude of the eigenmode function decays quickly, and it becomes more and
more oscillating as [ increases. AEy o in equation (71) depends on the coupling between the
electron wave function and the phonon eigenmodes. In figure A2 we have plotted the radial
electron probability distribution function w(p) for some R;-values. w(p) is defined by

MMM=MU1WWMM4NQ

oo
As R; increases, the maximum position (ps) of w(p) will get closer to the centre of the
quantum wire. When R| is very small, the distribution gives py; > R;; that is, the major part
of the electron wave function lies outside the quantum wire, which is beyond the influence of
the LO1 phonon modes. However, considering that we are using relative units in figure A2,

0.7

3,0, ()

p/R,

Figure Al. The LO1 eigenmodes.
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Figure A2. The radial distribution of the electron wave function.

the actual position of py, changes little with R;. This means that, as R; increases, the influence
of the LO1 phonon modes becomes significant as the electron ‘falls’ into the quantum wire
(figure 2). The total contribution of the LO1 phonon modes in equation (71) is a summation
over all LO1 eigenmodes. Considering the oscillating nature of the higher-/ modes, when R
is small, only the contribution of the very low modes affects AE; o;. And the contribution of
each single mode increases steadily as R, increases until R; = 1. After that, all of the electron
wave function distributes within the quantum wire and py; gets closer and closer to the centre
of the quantum wire as R; increases. One can also see that when R increases, the value of
w(p) reduces. Considering the properties of the eigenmode function in figure Al, it is easy
to understand that the contribution of each single mode starts to decrease as R; increases. At
the same time, because pj; gets closer to the centre of the wire and w(p) decreases and finally
vanishes as p increases, more and more eigenmodes start to make significant contributions to
AE}; 1. The competition between these two factors results in a little concavity in the curve
for AE LO1-
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